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3 - 7 3 9  c 
The deformat ions,  s t resses,  and v i b r a t i o n  modes'of  a r o t a t i n g  n e t  / 
i n  ' a i  hype rson ic  a i r  stream a r e  analyzed. 
on t h e  " i s o t e n s o i d "  n e t  o f  f i b e r  c i r c l e s  t h a t  has t h e  p r o p e r t y  t h a t  
P a r t i c u l a r  emphasis i s  p l a c e d  
f i b e r  s t r e s s  i s  everywhere equal  when the s p i n n i n g  n e t  i s  f l a t .  
N u m e r i c a l ' s o l u t i o n s  a r e  o b t a i n e d  f o r  t h e  l a r g e  
fo rma t ions  and s t r e s s e s  i n  an ax isymmetr ic  hyperson 
t h e  e f f e c t s  o f  t i p  weights,  hub rad ius,  e t c .  
General exp ress ions  a r e  w r i t t e n  f o r  t h e  p o t e n t  
mo t ion  s t a t i c  de- 
i nc l ud i ng  c a i r  stream 
a1 and k i n e t  c ene rg ies  
f o r  sma l l  p e r t u r b a t i o n s  f rom an ax isymmetr ic  s t a t e  o f  e q u i l i b r i u m .  These 
exp ress ions  a r e  used t o  o b t a i n  numer i ca l  s o l u t i o n s  f o r  a v a r i e t y  o f  v i -  
b r a t i o n  problems i n c l u d i n g  i n -p lane  and o u t - o f - p l a n e  v i b r a t i o n s  o f  a f l a t  
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MECHANICS OF A CONED ROTATING NET 
1 .  I NTRODUCT I ON 
The p resen t  r e p o r t  rep resen ts  a p a r t  o f  t h e  e f f o r t  expended d u r i n g  
a recen t  i n v e s t i g a t i o n  i n t o  t h e  f e a s i b i l i t y  o f  employing r o t a t i n g  n e t s  
as atmospher ic  d e c e l e r a t o r s .  I n  such a p p l i c a t i o n s  a n e t  would be c o n s t r u c t e d  
as a c losely-woven f a b r i c  o f  h i g h - s t r e n g t h  f i b e r s  and would suppor t  aero- 
dynamic load normal t o  i t s  s u r f a c e  by means o f  c e n t r i f u g a l  f o r c e .  I n  genera l  
t h e  r o t o r  n e t  i s  c h a r a c t e r i z e d  by  ex t reme ly  low va lues o f  b a l l i s t i c  c o e f f i -  
c i e n t ,  m/C A, and low s t r u c t u r a l  weight .  Operat ion i n  bo th  t h e  hyperson ic  
and subsonic  phases o f  atmospher ic e n t r y  i s  contemplated. 
D 
The s u b j e c t  o f  t h i s  r e p o r t  i s  t h e  a n a l y s i s  o f  t he  deformat ions and 
s t r e s s e s  o f  a r o t o r  n e t  f o r  t h e  s i m p l e s t  and most e lementary c o n d i t i o n s  
exc lud ing ,  f o r  example, f l i g h t  a t  an angle o f  i nc idence  t o  t h e  a i r s t r e a m .  
A h i g h  s tandard  o f  mathematical  r i g o r  i s  ma in ta ined  i n  o r d e r  t o  p r o v i d e  
a r e l i a b l e  b a s i s  f o r  f u t u r e  i n v e s t i g a t i o n s .  Other aspects o f  t h e  p resen t  
r o t o r  n e t  i n v e s t i g a t i o n  a r e  r e p o r t e d  i n  re ferences 4 and 5. 
The r o t o r  n e t  has c e r t a i n  f e a t u r e s  t h a t  tend t o  s i m p l i f y  t h e  mathe- 
m a t i c a l  a n a l y s i s  o f  i t s  mot ions.  These i n c l u d e  t h e  absence o f  s i g n i f i -  
c a n t  bending r i g i d i t y ,  r o t a t i o n a l  symmetry, and t h e  a b i l i t y  t o  undergo 
some types o f  l a r g e  deformat ion w i t h o u t  app rec iab le  e l a s t i c  s t r a i n .  
i c a t e d  by t h e  
i e d  as C o r i o l i s  
On the. o t h e r  hand t h e  a n a l y s i s  o f  t h e  r o t o r  n e t  i s  comp 
e f f e c t s  of r o t a t i o n ,  p a r t i c u l a r l y  those t h a t  a re  i d e n t i  
and c e n t r i f u g a l  s t i f f e n i n g  e f f e c t s .  
a 
* 
I n  t h i s  repo r t ,  t h e  a n a l y s i s  o f  l a r g e  s t a t i c  de fo rma t ions  due t o  
axisymrnetr ic a i r  load i s  taken up f i r s t .  The n e x t  t o p i c  i s  a genera l  
t reatment  o f  p o t e n t i a l  and k i n e t i c  energy f o r  smal l  mot ions f rom a s t a t e  
o f  e q u i l i b r i u m .  The r e p o r t  concludes w i t h  a s e r i e s  o f  analyses of t h e  
v i b r a t i o n s  o f  f l a t  ne ts  and n e t s  t h a t  a r e  coned up due t o  ax isymmetr ic  
a i r  load. 
2 
e 
2. NET GEOMETRY 
The n e t s  t h a t  w i l l  be cons ide red  a r e  c o n s t r u c t e d  from two symmetr ical  
s e t s  o f  v e r y  s lender  f i b e r s  t h a t  i n t e r s e c t  t o  form e lementa l  diamonds as 
shown i n  F ig .  1 .  Such n e t s  can be deformed f rom a p lane  i n t o  a smooth 
ax isymmetr ic  s u r f a c e  w i t h o u t  a p p r e c i a b l e  e l a s t i c  d i s t o r t i o n .  T h i s  p ro -  
p e r t y  i s  p a r t i c u l a r l y  u s e f u l  i n  aerodynamic a p p l i c a t i o n s  where t h e  main- 
tenance o f  a smooth s u r f a c e  i s  impor tant .  
I n  genera l  i t  w i l l  be assumed t h a t  the n e t  i s  suppor ted a t  i t s  i n n e r  
boundary by a r i g i d  hub. I n  some instances concen t ra ted  we igh ts  w i l l  be 
l o c a t e d  a t  t h e  p e r i p h e r y  o f  t h e  ne t .  
Spec ia l  a t t e n t i o n  w i l l  be pa.id t o  t h e  case i n  which t h e  f i b e r s  o f  
t h e  n e t  d e s c r i b e  c i r c l e s  t h a t  pass through t h e  a x i s  o f  symmetry as shown 
i n  F i g .  2. I t  has been shown (Ref. 1 )  t h a t  t h e  s t r e s s  i n  t h e  f i b e r s  o f  
such a n e t  i s  everywhere c o n s t a n t  when the  n e t  i s  r o t a t e d  t o  produce a 
r a d i a l  c e n t r i f u g a l  f o r c e  d i s t r i b u t i o n  p r o p o r t i o n a l  t o  t h e  mass d e n s i t y  o f  
t h e  f i b e r s .  I t  w i l l  be o f  p a r t i c u l a r  i n t e r e s t  t o  determine whether, and 
t o  what e x t e n t ,  t h e  c o n s t a n t - s t r e s s  p r o p e r t y  o f  t he  r o t a t i n g  " i s o t e n s o i d "  
n e t  i s  m a i n t a i n e d  when t h e  n e t  i s  sub jec ted  t o  ax i symmet r i c  aerodynamic 
loading.  
The i s o t e n s o i d  n e t  o f  c i r c u l a r  f i b e r s  has c e r t a i n  geomet r i ca l  p ro -  
p e r t i e s  t h a t  w i l l  be used r e p e a t e d l y  i n  the work t h a t  f o l l o w s .  Consider 
an i n d i v i d u a l  f i b e r  c i r c l e  shown i n  F ig .  3a. The a n g l e  t h a t  t h e  f i b e r  
c i r c l e  makes w i t h  a r a d i a l  l i n e  i s  r e l a t e d  t o  t h e  d i s t a n c e  from t h e  p o l a r  
a x i s  by 
3 
r 
s i n  y = A 
2a 
b . 
where a i s  t h e  r a d i u s  o f  t h e  f i b e r  c i r c l e .  
The l e n g t h  o f  t h e  s i d e  o f  an e lementa l  diamond o f  t h e  net,  F ig .  3b, 
may be c a l c u l a t e d  b y  c o n s i d e r i n g  t h a t  the  sum o f  t h e  t ransve rse  d iagona ls  
a t  a f i x e d  rad ius  i s  equal  t o  the  c i rcumference.  Thus 
where N i s  the  number o f  f i b e r s  p e r  r a d i a n  i n  bo th  se ts .  Us ing  Eqn. (2-1) 
g = -  2a 
N (2- 3 1 
s o  t h a t  t h e  s i d e  l eng ths  o f  a l l  e lementa l  diamonds i n  t h e  i s o t e n s o i d  n e t  
a r e  equal .  
The mass pe r  u n i t  a rea  o f  t h e  i s o t e n s o i d  n e t  i s  r e l a t e d  t o  t h e  p ro -  
p e r t i e s  o f  t h e  f i b e r s  by 
I - 1 m '  = - -  
r cosy  a s i n 2 y  
where 
= d e n s i t y  o f  f i b e r  m a t e r i a l  
P f  
A = c r o s s - s e c t i o n a l  a rea  o f  f i b e r s  
(2-4) 




ve ry  l a r g e  near t h e  a x i s  ( r40)  and near the p e r i p h e r y  (r-+90°). Thus 
i n  p r a c t i c a l  a p p l i c a t i o n s  t h e  n e t  w i l l  be te rm ina ted  i n  a r i g i d  hub near 




3. STATIC AXISYMMETRIC DEFORMATION WITHOUT ELASTIC DISTORTION I N  A 
HYPERSONIC STREAM 
The problem cons ide red  he re  i s  t he  d e t e r m i n a t i o n  o f  t h e  shape t h a t  an 
axisymmetr ic n e t  w i l l  t a k e  when r o t a t i n g  about i t s  a x i s  and s u b j e c t e d  t o  a 
hypersonic  stream p a r a l l e l  t o  t h e  a x i s .  St resses i n  t h e  f i b e r s  o f  t he  n e t  
w i l l  a l s o  be computed. 
S ince the  deformat ions t h a t  a r e  contemplated a r e  large,  i t  w i l l  n o t  
be p o s s i b l e  t o  use smal l  mo t ion  theory.  The c o m p l e x i t y  o f  t h e  problem is, 
t he re fo re ,  such t h a t  a d i g i t a l  computer i s  r e q u i r e d  t o  o b t a i n  numer ica l  
r e s u l t s .  
The loads a c t i n g  on t h e  n e t  a r e  shown i n  F ig .  4. The n e t  i s  s u b j e c t e d  
t o  a r a d i a l  c e n t r i f u g a l  f o r c e  d e n s i t y  p e r  u n i t  area 
2 
F = m R r  
r (3- 1 )  
where 
m = mass pe r  u n i t  area o f  t h e  n e t  
R = r o t a t i o n a l  speed rad/sec 
r = d i s t a n c e  t o  t h e  a x i s  o f  r o t a t i o n  
The aerodynamic l oad  i s  computed u s i n g  the  Newtonian f l o w  concept.  
The aerodynamic f o r c e  p e r  u n i t  area normal t o  t h e  s u r f a c e  o f  t h e  n e t  i s  
(3-2) 





p = f r e e  stream atmospher ic d e n s i t y  
U = v e l o c i t y  o f  t h e  n e t  p a r a l l e l  t o  the  a x i s  o f  r o t a t i o n  
@ = l o c a l  con ing  ang le  between t h e  tangent  t o  t h e  n e t  and a p l a n e  
p e r p e n d i c u l a r  t o  t h e  a x i s  o f  r o t a t i o n .  
i n  F ig .  5. The r e l a t i o n s h i p  i s  
The loads a r e  e q u i l i b r a t e d  by the  fo rces  i n  t h e  f i b e r s  o f  t h e  ne t .  
L e t  N be the  i n t e r n a l  t e n s i l e  f o r c e  p e r  u n i t  w i d t h  o f  n e t  d i r e c t e d  a l o n g  
t h e  i n t e r s e c t i o n  o f  t h e  n e t  w i t h  a r a d i a l  p l a n e  and l e t  N0 be t h e  i n t e r n a  
t e n s i l e  f o r c e  p e r  u n i t  w i d t h  o f  n e t  d i r e c t e d  a l o n g  t h e  i n t e r s e c t i o n  o f  t h e  
n e t  w i t h  a c i r c u l a r  c y l i n d e r .  The equat ions f o r  e q u i l i b r i u m  o f  f o r c e s  i n  
a r a d i a l  p l a n e  a r e  
S 
and 
F - F s in@ 
n r 
a 
N - 0 tanp 
ar  Ns NScosB 
( 3 - 3 )  
(3-4) 
2 N0 = N t a n  y 
S 
( 3 - 5 )  
7 
. 
which may be used t o  e l i m i n a t e  N f rom Eqns. (3-3)  and (3-4). These 
equat ions become, u s i n g  Eqns. (3 -1 )  and (3-2) 
0 
and 
2 2  2 - 2 tanp pU cos !3 - rr i l  r s i n p  - - t a n  y - 
r NScosB (3-7)  
The ang e y appear ing  i n  these equa t ions  i s  n o t  independent o f  t h e  
deformat ions o f  t h e  ne t .  Equat ion .(2-2),which r e l a t e s  y t o  the  d i s t a n c e  
from t h e  a x i s  o f  r e v o l u t i o n ,  i s  v a l i d  f o r  any a x i s y m m e t r i c a l l y  deformed 
shape. Thus 
s i n  y r - = -  
s i n  y r 
0 0 
where r i s  t h e  r a d i u s  and y i s  t h e  a n g l e  when t h e  n e t  i s  f l a t .  
L ikewise, ‘ f o r  t h e  s l a n t  l e n g t h  o f  t h e  deformed diamond, 
0 0 
a s = -  cos y 
cos y 
0 0 
A r  
s o  that ,  r e p l a c i n g  t h e  sma l l  diamonds by i n f i n i t e s i m a l s  
ds cospcosy cosp - = d r  - =  




Equat ions (3-61, (3-7) ,  (3-8) and (3-10) a r e  a s e t  o f  f o u r  d i f f e r e n t i a l  
eqda t ions  i n  t h e  dependent v a r i a b l e s  r, p, y and N wh ich  w i l l  be i n t e g r a t e d  
w i t h  respec t  t o  r . I t  shou ld  f i r s t ,  however, be no ted  t h a t  m, t h e  mass 
pe r  u n i t  area, i s  n o t  independent o f  t he  deformat ion s i n c e  i t  v a r i e s  i n -  
v e r s e l y  w i t h  t h e  area o f  t he  e lementa l  diamond. Thus 
S 
0 
where ml, t h e  mass pe r  u n i t  area when t h e  n e t  i s  f l a t ,  may be eva lua ted  
by means o f  Eqn. (2-4). 
Three boundary c o n d i t i o n s  a r e  . requi red t o  complete t h e  s p e c i f i c a t i o n  
o f  t h e  i n t e g r a t i o n  problem. One c o n d i t i o n  i s  t h a t ,  a t  t h e  i n n e r  edge o f  
t h e  n e t  
The o t h e r  two boundary c o n d i t i o n s  are a p p l i e d  a t  t h e  o u t e r  edge o f  
t h e  net,  r = R. I t  w i l l  be assumed t h a t  sma l l  t i p  we igh ts  w i t h  aero- 
dynamic su r faces  a r e  a t t a c h e d  t o  t h e  p e r i p h e r y  o f  t h e  ne t .  
o f  aerodynamic and c e n t r i f u g a l  forces on t h e  t i p  we igh ts  r e q u i r e s  t h a t  
0 
The e q u i l i b r i u m  
2 2  2 




= - = e f f e c t i v e  l e n g t h  o f  aerodynamic s u r f a c e  
a 27rR 
9 
m = t i p  mass p e r  u n i t  l e n g t h  when t h e  n e t  i s  f l a t .  
t 
The load per  u n i t  l e n g t h  i n  t h e  n e t  a t  t h e  r i m  i s  
(3-  14) 
Before i n d i c a t i n g  t h e  method o f  s o l u t i o n ,  t h e  equa t ions  d e s c r i b i n g  
t h e  problem w i l l  be no rma l i zed  and c o l l e c t e d  t o g e t h e r .  L e t  
- 
r = r R  
- 
r = r o R  
b = b R  
0 - 
r = r R  
t t 
2 N = p U R  
S S 
D e f i n e  the parameter 
2 =pu 
2 fl Rmo 'rn 
(3-  15) 
(3- 16) 
where rn i s  t h e  mass p e r  u n i t  area j u s t  i n s i d e  t h e  o u t e r  p e r i p h e r y  when 
t h e  net  i s  f l a t .  
0 
Brn i s  the con ing  ang le  t h a t  would r e s u l t  ( a t  sma l l  coning)  i f  mass 
d e n s i t y  x r a d i u s  were cons tan t .  
The no rma l i zed  equa t ions  o f  s t a t e  a re  
s i n 2 y  - 
aNs ~ j t a n 2 y  - ,j - - m '  o r  N 
m s i n 2 y  Bm 
0 
F= r (3-17)  
10 
s i n 2 y  - 
m '  cos@ - - - 
m s i n 2 y  
0 




o r  
s i n y  = s i n y  r 
0 
w h i l e  t h e  no rma l i zed  boundary c o n d i t i o n s  a re  
- - - r = 6  a t r  = b  
0 




where .e = m /m 
has the  same mass as t h e  t i p  weights .  
i s  t h e  w i d t h  o f  t h e  s t r i p  o f  n e t  near the p e r i p h e r y  t h a t  
m t o  
The parameters t h a t  d e s c r i b e  the  problem a r e  
1 .  B,, t h e  "mean" con ing  ang le  
- 
2. b, t h e  d imensionless hub r a d i u s  
.e 
.e 
m 3 .  R , a parameter d e s c r i b i n g  the  s i z e  of  t h e  t i p  weights.  
a 
m 
4. r ,  a parameter d e s c r i b i n g  the p r o p o r t i o n  o f  t i p  we igh t  a rea  
t h a t  i s  ae rodynamica l l y  e f f e c t i v e  
1 1  
. 
- 
vs r t h e  mass d i s t r i b u t i o n  of t h e  f l a t  n e t  m '  
0' 5. ;;r 
0 
- 
6. yo vs r t h e  s p i r a l  ang le  of t h e  f l a t  n e t  
0' 
For t h e  s p e c i a l  case o f  an " i so tenso id "  n e t  o f  c i r c u l a r  f i b e r s  wh ich  
i s  te rmina ted  a t  a r a d i u s  s m a l l e r  than t h e  d iameter  o f  t h e  f i b e r  c i r c l e s ,  
t h e  s p i r a l  ang le  a t  t h e  t i p  w i l l  be 
- 1  R (z) = s i n  
t 
yo (3-24) 
where 2a i s  t h e  d iameter  o f  t h e  f i b e r  c i r c l e .  
The s p i r a l  ang le  a t  o t h e r  r a d i i .  i s  g i v e n  by 
- 1  
= s i n  (Tosiny ) 
t 
yo = s i n - '  {k} 0 (3-25) 
For  such n e t s  t h e  mass d i s t r i b u t i o n ,  as o b t a i n e d  from Eqn. (2-4) i s  
s i n  2y 
m s i n  2y 
m '  o t  - =  
0 0 
(3-26) 
Thus t h e  mass d i s t r i b u t i o n  and s p i r a l  ang le  o f  n e t s  w i t h  c i r c u l a r  
f i b e r  p a t t e r n s  a r e  b o t h  s p e c i f i e d  by yo , t h e  s p i r a l  ang le  a t  t h e  p e r i -  
phery  o f  t h e  ne t .  
t 
The d i f f e r e n t i a l  equa t ions  a r e  so l ved  as a pseudo i n i t i a l  va lue  
- 
problem by a r b i t r a r i l y  s p e c i f y i n g  a va lue  o f  r a t  = 1 .  Values o f  @ 
and may then be o b t a i n e d  f r o m  Eqns. (3-22) and (3-23) t o  p r o v i d e  




t o  ( 3 - 2 0 ) .  Unless t h e  c o r r e c t  va lue  o f  7 a t  the  t i p  has been s e l e c t e d  
i t  w i l l  be found, a f t e r  i n t e g r a t i n g  the  equat ions o f  s t a t e ,  t h a t  the  
boundary c o n d i t i o n  a t  t h e  hub, Eqn. (3-21), i s  n o t  s a t i s f i e d .  Other 
t r i a l  va lues  o f  r a t  t h e  t i p  a r e  se lec ted  and s o l u t i o n s  c a l c u l a t e d  u n t i l  
t he  e r r o r  i n  t h e  hub boundary c o n d i t i o n  i s  cons ide red  t o  be s u f f i c i e n t l y  
sma l l .  A l t e r n a t i v e l y  E may be regarded as a v a r i a b l e  parameter, so t h a t  
eve ry  t r i a l  va lue  o f  7 a t  t h e  t i p  y i e l d s  a c o r r e c t  s o l u t i o n  f o r  6 equal  
- -  
t o  t h e  va lue  o f  a t  wh ich  r = r . 
0 0 
Once the  no rma l i zed  equat ions  have been so lved,  t h e  s t r e s s  i n  t h e  
f i b e r s  o f  t h e  n e t  i s  ob ta ined  f rom 
N~ &any - 2  
= NS pU R ‘etany/A T A A 
a = - =  
For t h e  s p e c i a l  case o f  t he  i s o t e n s o i d  n e t  o f  c i r c l e s ,  i t  may be 
shown, Ref. I ,  t h a t  t h e  f i b e r  s t r e s s  f o r  a f l a t  d i s c  i s  
2 2  
0 = 2a O f  
( 3 - 2 7 )  
I t  i s  o f  i n t e r e s t  t o  compare the  ac tua l  f i b e r  s t r e s s  w i t h  u . I f  
0 
t h e  a c t u a l  n e t  i s  a l s o  a n e t  o f  f i b e r  c i r c l e s  then i t  may be shown, 
a f t e r  some man ipu la t i on ,  t h a t  
(3- 28) 
2KSp, t anyo t any (J 
0 





where t h e  b a s i s  o f  comparison between the  a c t u a l  n e t  and t h e  f l a t  n e t  i s  
t h a t  they have t h e  same angu la r  v e l o c i t y  n. 
The t o t a l  d rag  f o r c e  f o r  t h e  r o t o r  n e t  may be expressed i n  t h e  form 
1 2 2  
D = 2 pU 7rR C D  (3-30) 
where C D  i s  t he  drag c o e f f i c i e n t .  
of NS a t  the hub 
The drag may be computed from t h e  v a l u e  
b 
D = 27rbN sinf3 
b S 
where f3 i s  t he  con ing  ang le  a t  r = b. Comparing Eqns. (3 -31 )  w i t h  
(3-30), and u s i n g  t h e  d e f i n i t i o n s  o f  Eqn. ( 3 - 1 5 )  
b 
- -  
C D  = 4b NS 
b 
(3 -3  1 
(3-32) 
Representat ive numer ica l  r e s u l t s  a r e  p resen ted  i n  F igs .  6 th rough  
12. F igure 6 shows the  shape t h a t  t he  r o t o r  n e t  assumes f o r  t h r e e  d i f -  
f e r e n t  va lues o f  t h e  c o n i n g  parameter, . For low c o n i n g  t h e  n e t  has a 
f l a r e d  appearance, b e i n g  f l a t t e r  near  t h e  r i m  than i t  i s  near  t h e  hub. 
For h igh coning the  n e t  has a more n e a r l y  c o n i c a l  shape. These charac- 
t e r i s t i c s  a re  seen more c l e a r l y  i n  F i g .  7, which shows t h e  l o c a l  con ing  
'm 
a n g l e  as a f u n c t i o n  o f  7 . 
i t  i s  seen t h a t  l a r g e  con ing  increases t h e  v a r i a t i o n  o f  f i b e r  s t r e s s  
w i t h  d i s tance  from t h e  hub. 




The f i b e r  s p i r a l  ang le  a t  t h e  r i m ,  yo , has a pronounced e f f e c t  on 
t 
t h e  f l a r e  o f  t h e  r o t o r  net,  F ig .  9,  and a l s o  on f i b e r  s t ress ,  F ig .  10. 
A low va lue  o f  y decreases the f l a r e  but increases t h e  v a r i a t i o n  o f  
f i b e r  s t r e s s  w i t h  d i s t a n c e  from t h e  hub. 
t 
0 
The e f f e c t  o f  changes i n  t i p  we igh t  on f i b e r  s t r e s s  i s  p l o t t e d  i n  
F ig .  1 1 .  Fo r  low con ing  a v a l u e  o f  t i p  weight  can be found t h a t  w i l l  p r o -  
duce a n e a r l y  u n i f o r m  f i b e r  s t ress .  T h i s  r e s u l t  cannot be achieved f o r  
h i g h  coning. The e f f e c t  o f  t i p  weight  s i z e  on con ing  angle was found t o  
I be sma l l .  The e f f e c t s  o f  v a r i a t i o n s  i n  the hub rad ius,  b, and t h e  aero- I 
- 
dynamic e f f e c t i v e n e s s  o f  t h e  t i p  weights,  /a were a l s o  i n v e s t i g a t e d  
and were found t o  be sma l l .  
a m' 
i s  
'm, 
The v a r i a t i o n  o f  d rag  c o e f f i c i e n t  w i t h  t h e  con ing  parameter, 
4. ENERGY E X P R E S S I O N S  FOR SMALL MOTIONS FROM AN A X I S Y M M E T R I C  STATE OF 
E QU I L I B R I UM 
Small  mot ion t h e o r y  i s  v a l i d  f o r  t h e  s o l u t i o n  o f  many o f  t he  p rac -  
t i c a l  problems t h a t  a r i s e  i n  connec t ion  w i t h  a r o t a t i n g  n e t  d e c e l e r a t o r ,  
i n c l u d i n g  v i b r a t i o n s ,  f l u t t e r ,  dynamic l o a  s, f l i g h t  s t a b i l i t y ,  and 
c o n t r o l .  Energy exp ress ions  based on smal mo t ion  t h e o r y  w i l l  be developed 
i n  t h i s  s e c t i o n  f o r  subsequent a p p l i c a t i o n  t o  v i b r a t i o n  problems. 
I t  w i l l  be assumed t h a t  an i n i t i a l l y  f l a t  n e t  i s  deformed by a i r  
loads i n t o  a s u r f a c e  o f  r e v o l u t i o n .  Components o f  d isp lacement  f rom t h e  
deformed e q u i l i b r i u m  shape a r e  d e f i n e d  i n  F ig .  13. The c o o r d i n a t e  system 
i s  assumed t o  r o t a t e  w i t h  t h e  net .  s i s  t h e  d i s t a n c e  a l o n g  a m e r i d i a n .  
The components o f  membrane s t r a i n  and r o t a t i o n  w i t h  respec t  t o  the  
r o t a t i n g  c o o r d i n a t e  system, as o b t a i n e d  f rom genera l  exp ress ions  i n  
Ref. 2, a re :  
S T R A I N S  : 
u COS - w s i n  @ 
S + 1 E = - -  
0 r 30 r 
16 
ROTATIONS (R igh t  Hand R u l e ) :  
u0 - -  I + - s i n @  
*s - r 30 r 
2.E as U 
- 3 W  
00 - - -  3 S  - 
Three types o f  energy w i l l  be considered. These a r e  
1 .  E l a s t i c  energy due t o  membrane s t r a i n  
2. P o t e n t i a l  energy due t o  work done a g a i n s t  t h e  s t a t i c  p re loads  t h a t  
a r e  p resen t  because o f  c e n t r i f u g a l  f o r c e s  and s t a t i c  a i r  load. 
3. K i n e t i c  energy due t o  p e r t u r b a t i o n  mot ions.  
The exp ress ion  f o r  e l a s t i c  energy due t o  membrane s t r a i n  may be com- 
pu ted  by r e f e r e n c e  t o  t h e  geomet r i ca l  c o n f i g u r a t i o n  o f  an i n d i v i d u a l  f i b e r  
diamond. F i g u r e  14 shows t h e  mot ions o f  t h r e e  o f  t h e  v e r t i c e s  o f  a f i b e r  
diamond due t o  membrane s t r a i n .  R o t a t i o n  about an a x i s  normal t o  t h e  p l a n e  
o f  t h e  diamond i s  r e s t r a i n e d  t o  be zero.  The e l a s t i c  s t r a i n  energy o f  
f i b e r  (a) i s  
1 EA 2 v e = 2 (nu,) 
a 
2 2 
E ~ C O S  y + E O s i n  y + E s i n y c o s r  2 50 (4- 7 ) 
w h i l e  the  e l a s t i c  s t r a i n  energy o f  f i b e r  (b) i s  
17 
2 2 
y + E O s i n  y - 2 (4-8) 
The s t r a i n  energy p e r  u n i t  area i s  
v + ve 
b -  2 2 2  e 
2 2&sinycosy 
EA 
{( EScos r + c O s i n  r )  - a 6V = e 2.e s i nycosy 
s i n  ycos 2 )  y (4-9) 2 2  
+ %0 
which a l s o  may be w r i t t e n  
EAs i n2y 
6~ e = '7 {( E s c t n y  + t 0 t a n y ) 2  + €s0 (4- 10) 
I t  w i  
an i s o t r o p  
1 be noted t h a t  t h i s  exp ress ion  i s  q u i t e  d i f f e r e n t  f rom t h a t  f o r  
c membrane. For  Y = ~ / 4 ,  t h e  e f f e c t i v e  Po isson ' s  r a t i o  i s  1.0. 
I n  o rde r  t o  o b t a i n  an exp ress ion  f o r  t h e  p o t e n t i a l  energy due t o  work 
done a g a i n s t  t h e  s t a t i c  pre load,  c o n s i d e r  an e lementa l  diamond as a f r e e  
body w i t h  the  p r e l o a d  f o r c e s  a c t i n g  a t  t he  v e r t i c e s ,  and compute t h e  work 
done when t h e  diamond i s  d i sp laced .  The f o r c e s  a t  t h e  v e r t i c e s  must remain 
f i x e d  i n  magnitude and d i r e c t i o n  d u r i n g  such v i r t u a l  d isp lacements i n  o r d e r  
t h a t  t hey  may c o n t i n u e  t o  be i n  e q u i l i b r i u m  w i t h  the  a p p l i e d  (unper turbed)  
aerodynamic and c e n t r i f u g a l  loads. 
- 
The s t a t i c  f o rces  a c t i n g  on an e lemen ta l  diamond a re  shown i n  F ig .  15. 
For any d i s t o r t i o n  of  t he  diamond t h e  work done p e r  u n i t  area a g a i n s t  t hese  
forces i s  
18 
- - {2N$siny(us - u ) + 2Ns&sinytany(u - 
1 04 
a 2 s  i nycosy 
S 2 - 
" S  
(4- 1 1 ) 
%' 00 The d i s t o r t i o n s  t o  be considered a re  t h e  t h r e e  r o t a t i o n s ,  
and eW, and a change i n  t h e  s p i r a l  ang le  o f  t h e  diamond, 6y. 
t i o n s  e n t e r  i n t o  6V r a i s e d  t o  t h e  second and h i g h e r  powers. S ince  we a r e  
i n t e r e s t e d  o n l y  i n  t h e  second powers o f  the d i s t o r t i o n s ,  i t  can be shown 
t h a t  i t  i s  p e r m i s s i b l e  t o  cons ide r  t h e i r  e f f e c t s  s e p a r a t e l y .  
Consider  f i r s t  a change i n  t h e  s p i r a l  angle.  Then 
The d i s t o r -  
S 
or ,  t o  second o r d e r  i n  6y 
1 2 - T(6y) ) + cosy 6~ - 
u0 3 
u -  
04 








and, upon s u b s t i t u t i n g  i n t o  Eqn. (4-11) 
1 2 2 
6Vs = - N sec y(6y) 2 s  
I t  i s  des 
From 0 '  and E 
red  t o  express 6y i n  terms of  t h e  Car tes ian  s 
the  f i r s t  o r d e r  terms i n  Eqns. (4-14) and (4- 
(4- 18) 
€ S  
r a  ins  
5 )  
u - u  
S 
1 -  - - t a n y '  6y 2 
S 
E =  
S 2'Lcosr 
0 
u - u  
3 = c t n y .  6y 04 E =  
0 24s i n r  
Thus as long as e l a s t i c  d i s t o r t i o n  i s  neg lec ted  t h e r e  a r e  t w o  
a l t e r n a t i v e  express ions  f o r  6y. The above p a i r  o f  equa t ions  may be 
( a r b i t r a r i  l y )  combined t o  g i v e  
6y = -(- 1 E c t n y  + E t a w )  
2 S 0 




= - 1 N sec 2 y( e S c t n y  - ~ ~ t a n y )  2 (4-22) 
6 v S  8 s  
Note t h e  symmetr ica l  manner i n  wh ich  c S  and E @  e n t e r  Eqns. (4-22) 
and ( ' + - I O ) .  No o t h e r  reason i s  advanced, a t  p resent ,  fo r  t h e  a r b i t r a r y  
cho ice  i n  Eqn. (4-21). 
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Proceeding now t o  t h e  e f f e c t s  o f  t h e  r o t a t i o n s  (considered independent ly)  
u - u  = 2 & o s ~ ( ~ o ~ e w  - 1 )  + 2 COSY (c0se0 - 1 )  
1 S 2 S 
(4-23) 
or, t o  second o r d e r  i n  t h e  d i s t o r t i o n s ,  
= - G o s y ( e w  2 + 
u - u  
1 S 2 S 
u - u  = - t s i n y ( e w  2 + es2)  
04 03  
(4- 25 1 
(4-26) 
Upon s u b s t i t u t i n g  i n t o  Eqn. (4-11) and add ing  t o  t h e  p rev ious  r e s u l t  
f o r  t h e  s p i r a l  ang le  
+ t a n  y eS 2l 2 2 2 2 - - 1 N { 1 sec y (  E S c t n y  - EOtany)  + sec y ew + e0 " S  2 s 4  
The exp ress ion  f o r  t he  k i n e t i c  energy d e n s i t y ,  o m i t t i n g  cons tan t  and 
f i r s t  o r d e r  terms i s  
where 





i s  the r a d i a l  component o f  d isp lacement  and 
u = u s in@ + w cosp 
2 S 
(4-30) 
i s  the v e r t i c a l  component o f  d isplacement.  
I n  terms o f  u u and w, Eqn. (4-28) i s  
0’ s ’  
11 + n2 { u0 + (uscosp - w s i n @ )  
The f i r s t  t h r e e  ternis a re  o r d i n a r y  i n e r t i a  terms. 
p o r t i o n a l  t o  R are  r e l a t e d  t o  C o r i o l i s  f o r c e s  w h i l e  t h e  
t o  R may be regarded as a n e g a t i v e  s t i f f n e s s  e f f e c t  o f  
The p o s i t i v e  s t i f f e n i n g  e f f e c t  o f  c e n t r i f u g a l  f o r c e  has 
2 
t h e  c a l c u l a t i o n  o f  t h e  work done a g a i n s t  s t a t i c  p re load .  
The t o t a l  energy d e n s i t y  o f  t h e  n e t  i s  
6 E  G V  + 6Vs - 6T  e 
(4-3 1 
The terms p r o -  
terms p r o p o r t i o n a l  
cen t  r i fuga1 f o r c e .  
been i n c l u d e d  i n  
(4-32) 
6V and 6 V  a re  o b t a i n e d  from Eqns. (4-10) and (4-27) r e s p e c t i v e l y .  e S 
Expressions f o r  t he  s t r a i n s  and r o t a t i o n s  i n  terms o f  d isplacements,  
Eqns. (1-6), w i l l  be i n s e r t e d  i n t o  6 V  and 6V as needed i n  t h e  a p p l i c a -  
t i o n s  t h a t  f o l l o w .  
e S 
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5. OUT-OF-PLANE VIBRATIONS OF A FLAT ROTAT 
As a s imp le  example which r e s u l t s  i n  a 
NG I S O T E N S O I D  NET 
c losed- fo rm s o l u t i o n ,  t he  o u t -  
o f - p l a n e  v i b r a t i o n  modes o f  an i s o t e n s o i d  n e t  o f  f i b e r  c i r c l e s  w i l l  be com- 
puted. T h i s  example i s  t h e  l i m i t i n g  case f o r  smal l  con ing  and w i l l  y i e l d  
i n f o r m a t i o n  t h a t  i s  v a l u a b l e  f o r  t h e  e s t i m a t i o n  o f  t h e  response t o  dynamic 
loads and f o r  t h e  d e t e r m i n a t i o n  o f  t h e  s t a b i l i t y  and c o n t r o l  c h a r a c t e r i s t i c s  
o f  a v e h i c l e  employing a r o t o r  n e t  d e c e l e r a t o r .  
For a f l a t  n e t  t he  i n -p lane  mot ions, us and u do n o t  coup le  w i t h  0’ 
t he  o u t - o f - p l a n e  mot ion,  w. The a p p r o p r i a t e  energy expressions, d e r i v e d  
from t h e  work o f  t h e  p reced ing  s e c t  
1 2 
= - N (e + t a n  y es2)  €J vS 2 s 0  
and 
1 . 2  
2 6T = - mw 
on, are 
The t o t a l  energy o f  t h e  n e t  
2 R 27r R 27 E = 1 ](€JVs - 6T) rd rd0  = Ls s { N s K & y  + 7 t a n  y {zr] a w  
2 
b o  b o  
- m h 2 {  rd rd0  (5-3) 
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Because o f  t h e  p o l a r  symmetry o f  t h e  net,  t h e  d e f l e c t i o n  o f  t he  n e t  , 
i n  any v i b r a t i o n  mode must be a s i n u s o i d a l  f u n c t i o n  o f  0. T h e r e f o r e  l e t  
w = wncos(nO + o n t )  (5-4) 
which rep resen ts  a wave t r a v e l i n g  i n  the  n e g a t i v e  0 d i r e c t  on w i t h  v e l o c i t y  
equal t o  w /n  rad ians/sec.  A s u p e r p o s i t i o n  o f  t h i s  wave w t h  a s i m i l a r  
wave t r a v e l i n g  i n  t h e  fo rward  d i r e c t i o n  y i e l d s  a mode shape w i t h  nodal  
l i n e s  a l o n g  mer id ians .  
n 
D i f f e r e n t i a t e  Eqn. (5-4) t o  o b t a i n  
- - w n s i n ( n 0  + u) t )  (5 -5 )  dW a0 n n - -  
- - w u) s i n ( n 0  + w t )  (5-6) d W  a t  n n  n w = - -  
so  tha t ,  s u b s t i t u t i n g  i n t o  Eqn. (5 -3)  and i n t e g r a t i n g  w i t h  respec t  t o  0 
E = 2 ‘ f { N S r [ @ f + % t a n r w  r 2 2  n - m r o  n n  w 2 ] d r  
b 
6 - 7 1  
For a n e t  o f  f i b e r  c i r c l e s ,  Eqns. (2-3), (2-4), (3-27) and (3-8) may 
be used t o  p u t  Eqn. (5 -7)  i n t o  t h e  f o l l o w i n g  form 
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'where 
I t  i s  convenien t o  change t h e  v a r i a b l e  o f  i n t e g r a t i o n  f rom r t o  y. 
by v i r t u e  o f  Eqn. (2-1) 
d r  = 2a cosy dy 
and 
dw a W  
ar 2a cosy dy 
n . -  1 - -  - n 
Eqn. (5-8) becomes 
Y 
T h i s  problem o f  m i n i m i z i n g  E may be t ransformed i n t o  a d i f f e r e n t i a l  
e q u a t i o n  by means of t h e  E u l e r  equa t ion  
e-+{*} n = 0 
where 
The d i f f e r e n t i a l  equa t ion  i s  
Then 
(5-9) 
(5 -  10) 
which i s  an o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n  w i t h  cons tan t  c o e f f i c i e n t s .  
Equat ion (5-14) w i l l  be so l ved  w i t h  boundary c o n d i t i o n s  co r respond ing  
= E) and a r i g i d  r e s t r a i n t  a t  t h e  hub. t o  a f u l l  n e t  w i t h  no t i p  we igh t  (y 
Thus 
t 2  
w = o  
n a t  
The s o l u t i o n s  o f  Eqn. (5-14) t h a t  s a t i s f y  t h e  above boundary con- 
d i t i o n s  a r e  
Nhere m i s  any odd i n t e g e r .  
S u b s t i t u t e  t h i s  r e s u l t  i n t o  Eqn. (5-14) t o  o b t a i n  t h e  no rma l i zed  
frequency o f  v i b r a t i o n  
- 
03 n Ln2 + 2 m 
1 / 2  
(5- 16) 
c y c l e s  p e r  r e v o l u t i o n .  
The above r e s u l t s  may be used t o  e s t i m a t e  t h e  dynamic response o f  
t h e  r o t o r .  I n  s teady l i f t i n g  f l i g h t  where in t h e  v e l o c i t y  v e c t o r  i s  n o t  
p a r a l l e l  t o  t h e  a x i s  o f  r e v o l u t i o n ,  t h e  aerodynamic loads w i l l  n o t  be a x i -  
symmetric. The loads w i l l  p resen t  a p a t t e r n  t h a t  v a r i e s  ove r  t h e  su r face  
o f  the r o t o r  d i s c  b u t  does n o t  change w i t h  t ime as viewed from a non- 
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r o t a t i n g  c o o r d i n a t e  system. Thus, i n  a coo rd ina te  system t h a t  r o t a t e s  
w i t h  t h e  r o t o r  d i sc ,  t he  a p p l i e d  loads appear as a wave t h a t  t r a v e l s  
o p p o s i t e  t o  the  d i r e c t i o n  o f  r o t a t i o n  w i t h  angu la r  v e l o c i t y  R. The a p p l i e d  
load d i s t r i b u t i o n  can, t he re fo re ,  be represented as a s e r i e s  o f  harmonic 
terms w i t h  t h e  f o l l o w i n g  form 
F =z fn(r)  cos(n0 + nRt + an) 
n a n=O 
(5- 17) 
where f ( r )  i s  a r a d i a l  d i s t r i b u t i o n  f u n c t i o n  and a i s  a phase angle. 
n n 
By comparing Eqns. (5-4) and (5-17), i t  i s  seen t h a t  a c o n d i t i o n  o f  
resonance between t h e  v i b r a t i o n  modes o f  the r o t o r  and t h e  harmonic d i s t r i -  
b u t i o n  o f  t h e  a p p l i e d  l oad  occurs when 5; = n. Now m i n  Eqn. (5-16) can 
t a k e  on a l l  o d d - i n t e g r a l  va lues so tha t ,  i f  r = 0, resonances w i l l  occur  
f o r  n = 1, 3, 5, 7 . . . I f  yb i s  smal 1, near  resonances w i  1 1  occur  f o r  




- w = .(I+>} 
n 
* n(1 +$} (5- 18) 
I t  
1 e a s t  5% 
harmon i c 
on t h e  h 
s concluded t h a t  the hub rad  
o f  r o t o r  rad ius,  i n  o r d e r  t o  
a i r  loads. The f i r s t  harmon 
b t h a t  must be balanced by  a 
d be reasonably  large,  a t  
h i g h  dynamic a m p l i f i c a t i o n  o f  
) a i r  loads produce moments 
mechanism i n  o r d e r  t o  m a i n t a i n  
hub r a d i u s  has t h e r e f o r e  an 
impor tan t  e f f e c t  on t h e  f l i g h t  dynamics o f  t h e  v e h i c l e  as a whole. 
U S  shou 
p reven t 
c (n = 
cont r o  1 
tr immed l i f t i n g  f l i g h t .  The magnitude of  t h e  
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i n  Fig.  16 where i t  i s  seen t h a t  t h e  d e v i a t i o n  from a s t r a i g h t  l i n e  i s  
v e r y  smal l .  
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* 6. CRITICAL SPEED FOR MASS UNBALANCE OF A FLAT I S O T E N S O I D  NET 
The usual  d e f i n i t i o n  f o r  t he  c r i t i c a l  speed o f  a r o t a t i n g  d e v i c e  i s  
t h e  lowest  speed a t  which t h e  frequency o f  a v i b r a t i o n  mode, as viewed 
in. t h e  n o n - r o t a t i n g  system, i s  j u s t  equal t o  the speed o f  r o t a t i o n .  A t  
t he  c r i t i c a l  speed a smal l  amount o f  r o t a t i n g  mass unbalance w i l l  resonate 
t h e  v i b r a t i o n  mode and cause h i g h  ampl i tude o f  response. As viewed i n  
t h e  r o t a t i n g  system, t h e  f requency o f  v i b r a t i o n  i s  z e r o  a t  t h e  c r i t i c a l  




where g ( r )  i s  a r a d i a l  d i s t r i b u t i o n  f u n c t i o n  and an i s  a phase angle.  
Only t h e  term f o r  n = 1 has an e x t e r n a l  r e s u l t a n t  on t h e  hub and i t  i s  
f o r  t h i s  term t h a t  t he  c r i t i c a l  speed c o n d i t i o n  w i l l  be analyzed. 
n 
I t  w i l l  be assumed, f o r  s i m p l i c i t y ,  t h a t  t h e  n e t  i s  f l a t .  Under these 
c o n d i t i o n s  t h e  i n - p l a n e  mot ions d o n o t  couple w i t h  t h e  o u t - o f - p l a n e  mot ions.  
The r e l e v a n t  non-zero terms i n  the  energy express ions o f  S e c t i o n  4 a r e  
EA s i n 2 y  
6~ e = 7 {( E s c t n r  + E0tanr12 + € s 0  
2 }  
1 1 2 
2 s 4  6vs = - N { - sec y( Esc tny  - E @ t a n y ~ ~  + sec r ew 
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The a p p r o p r i a t e  express ions  f o r  s t r a i n s  and r o t a t i o n s  a re  
U 
S + -  = - -  1 auO €0 r a0 r 
Due t o  the  p o l a r  symmetry o f  t he  n e t  and the  cho ice  o f  n = 1, l e t  
- 
u = u cos 0 
S S 
- - u0 - u0 s i n  0 
Then 
cos 0 - du S 
€5. - ar 
E 0 = { ?  + > } c o s 0  
d U  
s i n  0 ew = $9 + - r r 
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(6- 9) 
(6- I O )  
(6- 1 I ) 
(6- 12) 
(6- 1 3 )  
(6- 14) 
Upon s u b s t i t u t i n g  these express ions i n t o  Eqns. (6-2), (6-3) and 
(6-4) and i n t e g r a t i n g  over  the  s u r f a c e  of t h e  r o t o r  
- 
tany} 0 





2 - 2 + ; 2 )  r d  r (6-17) T = 5J [$ dl (us 0 
b 
For t h e  spec ia  
c o e f f i c i e n t s  appear 
geometry such t h a t  
case of an i s o t e n s o i d  net  o f  f i b e r  c i r c l e s ,  t h e  
ng i n  these express ions are r e l a t e d  by t h e  f i b e r  
e 
2 f R moR 
V - 





2 "s - 
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T 
2 % n moR 
- 
T =  
cosy 





I t  i s  assumed t h a t  t h e  p e r i p h e r y  o f  t h e  n e t  i s  weighted so  t h a t  t h e  
s t a t i c  s t r e s s  i n  the  n e t  i s  everywhere equal  t o  u t h e  s t r e s s  f o r  a s e t  
o f  f u l l  f i b e r  c i r c l e s .  The r e q u i r e d  va lue  o f  t h e  t i p  we igh t  parameter 
i s  
0' 
2 2  
2a cos y .e = -  
t t R 
(6-21) 
Equat ions (6-18), (6-19) and (6-20), t o g e t h e r  w i t h  t h e  boundary 
c o n d i t i o n s  a t  t h e  hub and r i m  of t he  net ,  a r e  a s u f f i c i e n t  mathemat ica l  
d e s c r i p t i o n  o f  t h e  problem t o  be so lved.  Appendix A desc r ibes  a numer ica l  
method f o r  o b t a i n i n g  s o l u t i o n s  t h a t  accepts  i n p u t  i n f o r m a t i o n  e s s e n t i a l l y  
i n  t h e  form o f  t h e  above energy express ions.  
The p a r t i c u l a r  p h y s i c a l  s i t u a t i o n  f o r  wh ich  s o l u t i o n s  have been 
ob ta ined  i s  one i n  which an unbalanced f o r c e  i s  a p p l i e d  t o  t h e  n e t  a t  a 
r i g i d  hub. The r a t i o  o f  t h e  a p p l i e d  f o r c e  t o  t h e  r e s u l t i n g  mo t ion  o f  t h e  
hub i s  p r o p o r t i o n a l  t o  the  apparent mass o f  t h e  r o t o r  as viewed from t h e  
n o n - r o t a t i n g  c o o r d i n a t e  system. T h i s  r e s u l t  i s  shown i n  F ig .  7 where t h e  
r a t i o  of t h e  apparent mass t o  t h e  a c t u a l  mass i s  p l o t t e d  as a f u n c t i o n  o f  
u / E  and t h e  hub rad ius .  I n  the  case o f  an u n r e s t r a i n e d  v e h i c l e  w i t h  a 
r i g i d  fuselage t h e  c r i t i c a l  va lue  o f  u / E  occu rs  when t h e  sum o f  t h e  




For example i f  the  fuselage mass i s  two times t h e  r o t o r  mass, t h e  
c r i t i c a l  v a l u e  of  u / E  i s  about 0.75. The r e s u l t i n g  c r i t i c a l  r o t o r  speed 
may be o b t a i n e d  w i t h  t h e  a i d  o f  Eqn. (3-28).  
0 
I t  w i l l  be observed t h a t  t h e  c r i t i c a l  va lue  o f  u / E  exceeds 0.5 i n  
0 
a l l  cases. Thus, w i t h  t h e  e x c e p t i o n  o f  ext remely e l a s t i c  m a t e r i a l s  t h a t  
can w i t h s t a n d  s t r a i n s  of  t h i s  magnitude, c r i t i c a l  speeds f o r  mass un- 
ba lance w i l l  be w e l l  above t h e  o p e r a t i n g  r o t o r  speed. 
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7. V I B R A T I O N S  OF A CONED NET 
The f u l l  g e n e r a l i t y  o f  t h e  equa t ions  d e r i v e d  i n  s e c t i o n  4 i s  r e q u i r e d  
f o r  the c a l c u l a t i o n  of  t h e  v i b r a t i o n  modes o f  a r o t o r  n e t  t h a t  i s  deformed 
by t h e  a c t i o n  o f  s teady ax isymmetr ic  a i r  loads. 
Let t h e  mot ions o f  t h e  n e t  be desc r ibed  by an nth harmonic backward 
t r a v e  1 i ng wave 
-1- 
w = w cos(n0 + E nt) + wn" s i n ( n 0  + U),nt) (7 -  1 )  n n 
-I- 




u0 - u0 s i n ( n 0  + unnt) - uO" cos(n0 + 
n n 
(7 -2)  
The s t a r r e d  terms a r e  i nc luded  i n  v iew o f  t.re p o s s i b i l i t y  t h a t  t h e  
phase angles between t h e  t h r e e  components o f  m o t i o n  may n o t  be e x a c t l y  as 
i n d i c a t e d  by t h e  u n s t a r r e d  terms. However, i t  i s  e a s i l y  shown by s u b s t i -  
t u t i o n  i n t o  the  genera l  energy express ions t h a t  a l l  energy terms p r o p o r t i o n a l  
t o  the  p roduc t  of s t a r r e d  and u n s t a r r e d  components van ish  i d e n t i c a l l y .  
Therefore t h e  s t a r r e d  and u n s t a r r e d  components a r e  uncoupled and t h e  phase 
r e l a t i o n s h i p s  between the  components o f  m o t i o n  a r e  those i n d i c a t e d  f o r  t he  
uns t a r  red components . 
F o r  mot ions o f  t h e  above form t h e  components o f  s t r a i n  and r o t a t i o n ,  




)} s i n ( n 0  + Ennt) E ={*  - --(u@ cos@ + nu S auO 1 
n n s0 
I 
s i n p  - nw ) s i n ( n 0  + EnRt) os = $uO 
, n n i 
has been used. as' where t h e  abbrev iat ion,  f3' = 
~ The exp ress ions  f o r  energy ob ta ined  by s u b s t i t u t i n g  t h e  s t r a i n s  and 
r o t a t i o n s  i n t o  Eqns. (4-lo), (4-27), and (4-31) and i n t e g r a t i n g  over  t h e  
, 
I 
I s u r f a c e  o f  t h e  n e t  w i l l  n o t  be w r i t t e n  here i n  v iew of  t h e  s t r a i g h t  f o r -  
I wardness o f  t h e  process and the  comp lex i t y  of t h e  r e s u l t .  
i 
1 S o l u t i o n s  have been o b t a i n e d  by  t h e  method d e s c r i b e d  i n  Appendix A 
( w i t h  g r e a t e r  c o m p l i c a t i o n  due t o  t h e  p r o l i f e r a t i o n  o f  terms) f o r  t he  
case o f  an i s o t e n s o i d  n e t  o f  f i b e r  c i r c l e s .  I n p u t  d a t a  r e g a r d i n g  t h e  




r e s u l t s  p resen ted  i n  s e c t i o n  3. The cases cons ide red  a r e  the n = 1 modes 
w i t h  a r i g i d  hub and t h e  f o l l o w i n g  parameters h e l d  f i x e d :  
.e .e 
* 05 ; = 1.0 m - =  
m R 
- 0.1; b R 
-  = 70'; 
r o t  
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The f requenc ies  of  t h e  t h r e e  lowest  modes a r e  p l o t t e d  i n  F ig .  18 as a 
f u n c t i o n  o f  t h e  con ing  parameter, . The f o l l o w i n g  s i g n i f i c a n t  f a c t s  w i l l  
be observed 
'm 
1. The f requencies o f  modes i d e n t i f i e d  as f l a p p i n g  modes ( p r i m a r i l y  
o u t - o f - p l a n e  mo t ion )  a re  n e a r l y  independent o f  t he  e l a s t i c  modulus 
o f  t h e  n e t  m a t e r i a l ,  whereas the f requency o f  the  mode i d e n t i f i e d  
as t h e  f i r s t  t a n g e n t i a l  mode i s  s t r o n g l y  dependent on t h e  modulus 
o f  t h e  n e t  m a t e r i a l .  
2. The f requenc ies  o f  a l l  modes decrease w i t h  increased coning. 
The f requency o f  t h e  f i r s t  f l a p p i n g  mode crosses t h e  one/rev.  
l i n e  which has p ro found  s i g n i f i c a n c e  for t h e  s t a b i l i t y  and c o n t r o l  
c h a r a c t e r i s t i c s  o f  a v e h i c l e  employ ing a r o t o r - n e t  d e c e l e r a t o r .  
S i m p l i f i e d  analyses (see Ref. 3 )  u s u a l l y  y i e l d  t h e  r e s u l t  t h a t  
t h e  f requency o f  t h e  lowest f l a p p i n g  mode increases w i t h  increased 
coni  ng. 
3. The amount by which t h e  f requency o f  t h e  f i r s t  t a n g e n t i a l  mode 
exceeds one c y c l e  p e r  r e v o l u t i o n  i s  r o u g h l y  p r o p o r t i o n a l  t o  d E/a . 
0 
The uncoupled mode shape f o r  t h e  f i r s t  t a n g e n t i a l  mode i s  shown i n  
F ig .  19. Large shear s t r a i n  i s  i n d i c a t e d  near  t h e  hub due t o  t h e  smal l  
s p i r a l  angle, r, o f  t h e  f i b e r s  i n  t h i s  reg ion.  An inc rease  i n  the  s p i r a l  
ang le  a t  t h e  hub would p r o b a b l y  r e s u l t  i n  a s i g n i f i c a n t  i nc rease  i n  t h e  
f requency o f  t h i s  mode. 
Coupled mode shapes a r e  shown i n  F igs .  20 t o  25. The most s u r p r i s i n g  
aspect o f  these r e s u l t s  i s  t h a t  t h e  s i g n  o f  u i n  t h e  f i r s t  f l a p p i n g  mode 
t 
36 
i s  o p p o s i t e  t o  t h a t  expected i f  t h e  n e t  were moving e s s e n t i a l l y  as a r i g i d  
body. The o n l y  term t h a t  i s  capable of producing t h i s  unexpected r e s u l t  
i s  t h e  one t h a t  i s  p r o p o r t i o n a l  t o  f3' i n  the exp ress ion  f o r  rne r id iana l  s t r a i n ,  
(Eqn. (7-4)). The e f f e c t  o f  t h i s  term i s  tha t ,  due t o  t h e  c u r v a t u r e  o f  t h e  
n e t  and t h e  r i g i d  k i n e m a t i c s  of i t s  diamond elements, a d e f l e c t i o n  i n  t h e  
d i r e c t i o n  o f  t h e  outward normal t o  t h e  su r face  tends t o  produce a c o n t r a c -  
t i o n  i n  t h e  c i r c u m f e r e n t i a l  d i r e c t i o n .  
t 
F i gu res  20 t o  25 a l s o  i n d i c a t e  t h a t  the degree o f  c o u p l i n g  increases 
w i t h  i n c r e a s i n g  B and dec reas ing  E/o . The l a t t e r  r e s u l t  i s  expected i n  
v iew o f  t he  p r o x i m i t y  r e l a t i o n s h i p s  between f r e q u e n c i e s  shown i n  F ig .  18. 
I 
m 0 
A ma jo r  c o n c l u s i o n  from the r e s u l t s  o f  t h i s  s e c t i o n  is t h a t  bo th  t h e  
lowest  f l a p p i n g  mode and the  lowest t a n g e n t i a l  mode shou ld  be i nc luded  
i n  a r e a l i s t i c  a n a l y s i s  o f  t h e  s t a b i l i t y  and c o n t r o l  o f  a v e h i c l e  employing 
a r o t o r  n e t  d e c e l e r a t o r .  T h i s  becomes apparent when i t  i s  r e a l i z e d  t h a t  t h e  
f requency o f  v i b r a t i o n  i n  t h e  s t a t i o n a r y  c o o r d i n a t e  system i s  equal  t o  t h e  
f requency o f  v i b r a t i o n  i n  t h e  r o t a t i n g  system minus t h e  r o t o r  speed so  
t h a t  b o t h  modes have low f requenc ies  i n  the s t a t i o n a r y  system. Should t h e  
f i r s t  t a n g e n t i a l  mode p rove  t o  have an adverse a f f e c t  on s t a b i l i t y ,  i t s  f r e -  
37 
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FIG. 1 .  Portion o f  Rotor Net 
FIG. 2. lsotensoid Net of Fiber Circles 
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P o l a r  A x i s  1 
(a) F i b e r  C i r c l e  (b) Elemental  F i b e r  Diamond 
FIG. 3. Geometr ica l  Parameters o f  l s o t e n s o i d  Net 
FIG.  4. Forces A c t i n g  on t h e  Net 
40 
NO* ~ & O S Y  N0 ~ & O S Y  
FIG. 5. Static Equilibrium of an Elemental Fiber Diamond 
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FIG. 13. Displacement Components for Small Motions o f  an Axisymmetric Net 
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F i g u r e  23:  F i r s t  Tangent ia l  Mode = 1.65 











F i g u r e  24: F i r s t  F lapping  Mode W = 0.67 
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F i g u r e  25: F i r s t  Tangen t i a l  Mode w = 1.15 
E 3 = 100 &I = 0.4, 
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A P P E N D I X  A . 
METHOD FOR OBTAINING NUMERICAL SOLUTIONS TO VIBRATION PROBLEMS 
I n  the  main t e x t  t he  f o r m u l a t i o n  of v i b r a t i o n  problems i s  c a r r i e d  
t o  t h e  p o i n t  where i n t e g r a l  express ions  are w r i t t e n  fo r  t h e  k i n e t i c  and 
p o t e n t i a l  energ ies .  The genera l  procedure t h a t  has been used f o r  o b t a i n i n g  
s o l u t i o n s  i s  as f o l l o w s :  
1 .  Approximate the  i n t e g r a l s  by summations o f  terms t h a t  a re  func-  
t i o n s  o f  d isp lacements a t  d i s c r e t e  p o i n t s .  
2. Draw a p i c t u r e  o f  a lumped parameter p h y s i c a l  system ( i n  the  
p resen t  case, an e l e c t r i c a l  network)  f o r  wh ich  t h e  energy i s  
i d e n t i c a l  t o  t h e  express ions  ob ta ined  i n  s t e p  one and t h a t  p ro -  
p e r l y  s a t i s f i e s  a l l  boundary c o n d i t i o n s .  
3. So lve  the  equat ions  o f  the  lumped parameter  p h y s i c a l  system on 
a d i g i t a l  computer. 
E l e c t r i c a l  networks have been chosen as p h y s i c a l  models p r i m a r i l y  
because o f  t h e  a v a i l a b i l i t y  o f  a d i g i t a l  computer program (SADSAM II) t h a t  
can s o l v e  t h e  equat ions  o f  any pass i ve  e l e c t r i c a l  ne twork  and t h a t  accepts  
i n p u t  d a t a  i n  a form t h a t  i s  p a r t i c u l a r l y  s imp le  t o  prepare,  i .e . ,  a w i r i n g  
t a b l e  for t h e  ne twork  and a l i s t  o f  element va lues .  
The genera l  procedure w i  1 1  be exp la ined  w i t h  re fe rence  t o  the  problem 
fo rmu la ted  i n  s e c t i o n  6. Express ions f o r  e l a s t i c  energy, t h e  work done 
a g a i n s t  s t a t i c  p re load,  and k i n e t i c  energy a r e  g i v e n  by Eqns. (6-18), 
A1 
(6-19) and (6-20). I t  w i l l  be 
sums o f  terms t h a t  a r e  p r o p o r t  
The s t o r e d  energy o f  an e 
no ted  t h a t  these express ions  i n v o l v e  t h e  4 
onal  t o  t h e  squares o f  d isp lacement  q u a n t i t i e s .  
e c t r i c a l  c a p a c i t o r  i s  
1 2  V = - C e  
C 2 
where e i s  t h e  v o l t a g e  and C i s  t h e  c a p a c i t y .  Also,  fo r  s i n u s o i d a l l y  
va ry ing  vo l tage,  t h e  peak s t o r e d  energy o f  an i n d u c t o r  i s  
2 e 1 1 2 
CUL 
- - . - .  
vL - 
where e i s  now the  peak vo l tage,  u) i s  t h e  f requency i n  rad ians  pe r  second 
and L i s  t h e  inductance. Comparing these express ions  w i t h  Eqns. (6-18), 
(6-19) and (6-20) i t  may be seen t h a t  V may be i d e n t i f i e d  w i t h  7 and t h a t  
V may be i d e n t i f i e d  w i t h  T - V s  such t h a t  
L e - -  
C 
- 
> V L  = v  e 
+ i  
I 
and 
- -  ',- 1 > V = T - V  
1- c .  S 
I 
I 
( A - 3 )  
where i and j a re  summed over  a1 1 t h e  i n d u c t o r s  and c a p a c i t o r s  o f  t h e  
e q u i v a l e n t  network.  Fur thermore i t  i s  e v i d e n t  by  comparing Eqns. (6-18) 
and (A-2) t h a t  t h e  frequency, w, 
t o  &. Thus t h e  lowest  resonant  f requency  o f  t h e  e l e c t r i c a l  ne twork  
A2 
i n  t h e  e l e c t r i c a l  ne twork  i s  analogous 
9 
corresponds t o  t h e  c r i t i c a l  va lue  o f  ao/E.  
The i n t e g r a l  o f  Eqn. (6-18) s h a l l  be rep laced by a sum o f  terms each 
o f  which approximates t h e  energy over  a s h o r t  segment, A r .  
such t e  r m :  
Consider one 
where t h e  f i n i t e  d i f f e r e n c e  o p e r a t o r  A /Ar rep laces  a/ar. Comparing 
the  r e s u l t  w i t h  Eqn. 
energy o f  two i n d u c t o r s .  For t h e  f i r s t  i n d u c t o r  
r 
( A - 2 )  i t  i s  seen t h a t  AT may be represented by t h e  e 
(A -6 )  
tany 
c t n y  + (us + uO)  7 - - ArUs e = -  1 A r  0 4 - 7 1  
l 
and s i m i l a r l y  f o r  t h e  second i n d u c t o r .  
- 




ground a t  a number o f  p o i n t s  a long  t h e  r a d i a l  c o o r d i n a t e  as shown i n  
F ig .  A-1.  
t o g e t h e r  i n  p roper  p r o p o r t i o n s .  I d e a l  t rans fo rmers  a re  used f o r  t h e  p u r -  
pose as shown i n  F ig .  A - l .  
The v o l t a g e  el i n  Eqn. ( A - 7 )  i s  o b t a i n e d  by adding such v o l t a g e s  
A 3  
F o l l o w i n g  t h e  above procedure f o r  a l l  o f  t he  o t h e r  energy terms a 
complete e l e c t r i c a l  network r e p r e s e n t a t i o n  o f  t h e  problem i s  obta ined.  
A t y p i c a l  c e l l  o f  t h e  f i n a l  network i s  shown i n  F ig .  A-2.  
The p r o p e r t i e s  o f  t he  network can be i n v e s t i g a t e d  w i t h  a p a s s i v e  
analog computer, see r e f e r e n c e  3, o r  w i t h  a d i g i t a l  computer as i n  t h e  
p resen t i ns  t ance. 
A 4  
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FIG.  A-2. T y p i c a l  C e l l  o f  Complete C i r c u i t  f o r  In-Plane 
V i b r a t i o n  Problem 
A 6  
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